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Abstract. We consider a tensor product V(b) = (K)" =1 C Ar (& J ) of the Yangian Y(qI n ) eval- 
uation vector representations. We consider the action of the commutative Bethe subalgebra 
B q C Y(gl N ) on a gl^-weight subspace V(b)\ C V(b) of weight A. Here the Bethe algebra 
depends on the parameters q — (qi, . . . , <zat). We identify the B q -modu\e V(b)\ with the 
regular representation of the algebra of functions on a fiber of a suitable discrete Wron- 
ski map. If q = (1, . . . , 1), we study the action of B q=1 on a space V(b) s ^ n9 of singular 
vectors of a certain weight. Again, we identify the S 9=1 -module V(b)^ n9 with the regular 
representation of the algebra of functions on a fiber of another suitable discrete Wronski 
map. 

These results we announced earlier in relation with a description of the quantum equi- 
variant cohomology of the cotangent bundle of a partial flag variety and a description of 
commutative subalgebras of the group algebra of a symmetric group. 

1. Introduction 

A Bethe algebra of a quantum integrable model is a commutative algebra of linear op- 
erators (Hamiltonians) acting on the vector space of states of the model. An interesting 
problem is to describe the Bethe algebra as the algebra of functions on a suitable scheme. 
Such a description can be considered as an instance of the geometric Langlands correspon- 
dence, see for example [MT V4j . The qI n XXX model is an example of a quantum integrable 
model. The Bethe algebra B q of the XXX model is a commutative subalgebra of the Yan- 
gian Y(gl N ). The algebra B q depends on the parameters q = (qi, . . . , q^) G C N . Having a 
F(0[ Ar )-module M, one obtains the commutative subalgebra B q (M) C End(M) as the image 
of B q . The geometric interpretation of the algebra B q (M) as the algebra of functions on a 
scheme leads to interesting objects, see for example, (GRT V] . 

In this paper, we consider (among other Yangian modules) a tensor product V(b) = 
^>2 =1 C N (bi) of the Yangian Y(gl N ) evaluation vector representations. We consider the action 
of the Bethe subalgebra B q C Y(gl N ) on a gl^-weight subspace V(b)\ C V(b) of weight A. 
We identify the i3 9 -module V(b)\ with the regular representation of the algebra of functions 
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on a fiber of a suitable discrete Wronski map. If q = (1, . . . , 1), we study the action of 
B q=1 on a space V(b) s ^ n9 of singular vectors of a certain weight. Again, we identify the 
B q=1 - module V(b) s ^ n9 with the regular representation of the algebra of functions on a fiber 
of another suitable discrete Wronski map. 

These results are parallel to the analogous results of |MTV31 IMTV4] . where we study the 
corresponding gt^tj-modules instead of the Yangian F(0[ 7V )-modules. 

We used the results of this paper earlier in jGRTVl Theorems 6.3-6.5] in relation with 
a description of the quantum equivariant cohomology of the cotangent bundle of a partial 
flag variety and in |MTV61 Theorem 7.3] in relation with a description of commutative 
subalgebras of the group algebra of a symmetric group. More details are given in remarks 
after Theorem 15.21 and at the end of Section [61 

In Section [21 we consider the space V = (C*) 8 " g> C[zi, . . . , z n ], an action on V of the 
symmetric group S n , the subspace V s C V of the S^-invariants, the gl N weight subspaces 
(V s )a C V s and the subspaces (V 5 )^™ 5 C (V 5 )a of singular vectors. 

In Section [31 we introduce an action of the Yangian Y(qI n ) on V s . In Section HI we 
introduce Bethe subalgebras B q C Y(gl N ). The induced £> 9 -action on V s preserves the weight 
subspaces (V s )\. If q — (1,...,1), then the £? 9=1 -action on V s preserves the subspaces 
^ySymg Q £ s j n g U i ar vectors. 

In Section [51 we introduce a discrete Wronski map on collections of quasi-exponentials. 
Theorem 15.21 describes the £> 9 -module {V s ) \ for q with distinct coordinates in terms of the 
discrete Wronski map. In Section [6] we define a discrete Wronski map on collections of poly- 
nomials. Theorem 16.31 describes the £ 9=1 -module (V 5 ) A ms in terms of the second Wronski 
map. Corollaries 15.41 and 16.41 give an application of Theorems 15.21 and 16.31 to a description of 
the Bethe algebra action on a tensor product of evaluation vector representations. 

Proofs of the theorems are based of the Bethe ansatz. We prove the corresponding Bethe 
ansatz statements in Sections [7] and El and prove Theorems 15.21 and 16.31 in Section [91 

In Section [TU1 we consider the ^-skew-invariant part V A C V and the space j^V A of S n - 
invariant rational functions. Theorems 110.61 and 110.81 describe the i3 9 -module (j^V A )\ for 
q with distinct coordinates and the £> 9=1 -module (j=;V A ) s ^ ng in terms of the corresponding 
Wronski maps. 

2. Space V s 

2.1. Lie algebra qI n . Let e^, i,j = 1, . . . , N, be the standard generators of the Lie algebra 
gl N satisfying the relations [e it j, e^j] = Sj^e^i — Sijekj- We denote by f) C gi N the subalgebra 
generated by e^, i = 1,...,N. For a Lie algebra g, we denote by U(g) the universal 
enveloping algebra of g. 

A vector v of a gt^-module M has weight A = (Ai, . . . , Ajv) G if e iti v = \v for i = 1, 
. . . , N. A vector v is singular if eijv = for 1 ^ % < j ^ N. 

We denote by M\ the subspace of M of weight A, by M sm9 the subspace of M of all 
singular vectors and by M^ n9 the subspace of M of all singular vectors of weight A. 

A sequence of integers A = (Ai, . . . , Ajv) such that Ai ^ A 2 ^ ■ ■ • ^ Xn ^ is called a 
partition with at most parts. Set |A| = J2iLi -V We say that A is a partition of |A|. 
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Let be the standard vector representation of gi N with basis Vi, . . . ,v^ such that e^Vf. = 
Sj^Vi for all i,j,k. A tensor power V = (C 7V ) lX,n of the vector representation has a basis 
given by the vectors <g) . . . (g) v in , where ij G {1, . . . , N}. Every such sequence (zi, . . . ,i n ) 
defines a decomposition / = (Ii, . . . , I N ) of {1, ... , n} into disjoint subsets I\, . . . , In, where 
Ij — {k | ik — j}. We denote the basis vector <g> . . . <g> v in by vj. 

Let _ 

v= e * 

AeZ^ , |A|=n 

be the weight decomposition. Denote X A the set of all indices / with \Ij\ = Xj, j = 1, . . . N. 
The vectors {i>j | / G I\} form a basis of V\. 

2.2. Space V s . Let V be the space of polynomials in z = (zi, . . . , z n ) with coefficients in 

V = 7® c C[zi,..,z n ]. 

We embed the space V into V by sending t> G V to t) 8 1 G V. 

Consider the grading on C[zi, . . . , z n ], deg Zj — 1 for i — 1, . . . , n. We define the degree 
of elements of V by the rule deg(t> (g) p) — deg p. We consider the increasing filtration 
FqV C F\V C • • • C V whose /c-th subspace consists of elements of degree ^ k. The filtration 
on V induces a natural filtration on End(V). 

Let P^'ti be the permutation of the z-th and j-th factors of V = (C N )® n . Let Si, . . . , 
s n _i G be the elementary transpositions. We define an S^-action on ^-valued functions 
of z\ , . . . , z n by the formula: 

( z . _ z \ p(i,i+l) _ 1 

(2.1) Si : f(z h ...,z n ) i-» — /(z x , . . . , z i+l , Zi,..., z n ) + 

+ /(^l) • • • j z ii z i+l, ■ ■ • > ^n) • 

These formulae induce an S'n-action on V. The SVi-action preserves the filtration: for any k 
we have S n x F k V — > F k V. We denote by V 5 the subspace of ^-invariants in V. 

The group S n acts on the algebra C[z 1: . . . , z n ] by permuting the variables. Let (Ji{z), 
i = 1, . . . , n, be the s-th elementary symmetric polynomial in z\, . . . ,z n . The algebra of 
symmetric polynomials C[zi, . . . free polynomial algebra with generators a 1 (z), 

. . .,a n (z). 

Lemma 2.1. The space V s is a free C[zi, . . . , z n ] s -module of rank N n . 

Proof. The lemma follows from Lemma 2.10 in [GRTVj . □ 

The Lie algebra qI n naturally acts on V preserving the grading and commuting with 
the S^-action on V. Therefore, V 5 is a filtered gl^-module. We consider the gt^-weight 
decomposition 

V s = (V s ) x , 

|A|=n 

as well as the subspaces of singular vectors (V s )^ mff C (V s )\. All of these are filtered free 
C[z±, . . . , z n ] 5 -modules. 
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Let M be a Z^ -filtered space with finite-dimensional graded components F k M/F k ~iM. 
We call the formal power series in a variable t, 



ch M (t) = ^(dimFfcAf/Ffc-iM)** 



fc=0 



the graded character of M. We set (t) a = n^=i(l ~~ V) 
Lemma 2.2. For A e Z^ 0; |A| = n ; we have 



N 



(2-2) ch (vS)A (t) = fET^— - 
For a partition A of n with at most N parts, we have 
(2.3) ch (ys ,,(*) = Ul< ^y ( ' i 

Proof. The S^-action on the graded components F k V\/ F k _iV\ and FkV^ ng / Fk-iV^ n9 co- 
incides with the S" n -action considered in |MTV2] and |MTV3] . Formula (12. 2p follows from 
|MTV3l Lemma 2.12]. Formula (£3} follows from |MTV2l Formula 5.3] and |MTV2l Lemma 
2.2]. ' □ 

Given a = (a±, . . . , a n ) e C n , denote by I a C C[zi, . . . , z n ] s the ideal generated by the 
polynomials o"i(z) — a i; z = 1, . . . , n. For any a, the quotient V s / I a V s is a complex vector 
space of dimension N n by Lemma 12.11 

3. Yangian modules 

3.1. Yangian Y(qI n ). The Yangian Y(gl N ) is the unital associative algebra with generators 
for i,j = l,...,N, s G Z >0 , subject to relations 

(3.1) (u - v) [T itj (u) ,T k ,i(v)] = T k) j(v)T it i(u) -T k ,j(u)T it i(v) , i,j,k,l = l,...,N, 



where 00 

s=l 



:,3 U 



The Yangian F(fl[jy) is a Hopf algebra with the coproduct A : Y(gl N ) — > Y(gl N ) <g) F(flljy) 
given by 

v 

A : Tij(u) !->■ ^ r feJ (u) ®T^ k (u) 

k=l 

for z,j = 1,...,N. The Yangian F^^) contains (flljv) as a Hopf subalgebra, the em- 
bedding given by e^j 1^^. 

The Yangian Y(qI n ) has the degree function such that degT^ = s — 1 for any i,j = 1, 
. . . , N, s = 1, 2, . . .. The Yangian Y(qI n ) is a filtered algebra with the increasing filtration 
F Y(qI n ) C F{Y(gl N ) C ■ ■ • C Y(flfjv), where F s Y(gl N ) consists of elements of degree < s. 
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There is a one-parameter family of automorphisms 

p b : Y(gl N ) -)■ Y(Ql N ), T id {u) h-> T hj (u - b) , 
where 6 G C and (u — in the right-hand side has to be expanded as a power series in 

The evaluation homomorphism e : l^gl^) — > U(gl N ) is defined by the rule: !->■ e^i 

for all and h-» for all i,j and all s > 1. 

For a gljy-module M and 6 6 C, we denote by M{b) the y(g [^-module induced from M 
by the homomorphism e ■ pb. We call it the evaluation module with the evaluation point b. 

Recall that we consider as the gljy-module with highest weight (1, 0, . . . , 0). For any 
& = (&!,..., b n ) G C n , we obtain the F(gl Ar )-module 

V(b) = C N (h) ® . . . ® C^) . 

3.2. Yangian module V 5 . Consider C N <& V = C N <g> (C^)®", where the factors are labeled 
by 0, 1, . . . , n. Set 

L(u) = {u-z Tl + P(°-")) ...( U - Zl + P^) . 

This is a polynomial in w, zi, . . . , z n with values in End(C 7V ® V). We consider L(u) as an 
NxN matrix with End(K) ® C[w, zi, . . . , z n ]-valued entries Lij(u), i,j — l,...,N. 

Lemma 3.1. The assignment 



(3.2) <f) : T itj (u) ^ L i}j (u) J] 



a=l 



defines the Y(gl N ) -module structure onV = (C N )® n (g> C[^i, . . . , z n ]. We consider the right- 
hand side of (13. 2D as a series in u^ 1 with coefficients in End(V) eg) C[z%, . . . ,z n ) . 

Proof. The Yang-Baxter equation 

(3.3) (u-v + hP {l ' 2) ) (u + hP {1 ' 3) ) (v + hP^ 3) ) = 

= (v + hP^ 3) ) (u + /iP (1 ' 3) ) (u-v + hP^ 2) ) . 

implies that 

(u-v + P^)L^(u)L^(v) = L^(v)L^(u)(u-v + P^), 

which means 

(u-v) [L itj (u) , L k j(v)] = L kJ (v) L ifl (u) - L k>j (u) L it i(v) 

for all i,j,k,l = l,..., N. Comparing the last formula with the defining relations (13. ip for 
the Yangian Y(gl N ) completes the proof. □ 

The subalgebra U(qI n ) C Y(gl N ) acts on V in the standard way: an element x G gt^ acts 
as + • • • + x (n) . 

Lemma 3.2. The Y(gl N )-action on V is filtered: for any k, s, we have F s Y(qI n ) x F fe V — > 
F.s+kV. * * □ 
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Lemma 3.3. The Y(gl N )-action (f> onV commutes with the S n -action (12. ip and with mul- 
tiplication by the elements of C[zi, . . . , z n ]. 

Proof. The first part follows from the Yang-Baxter equation (13. 3p . and the second part is 
clear. □ 

By Lemma [3.31 the action <p makes the space V s into a filtered Y^l^-module. For any 
a = (ai, . . . , a n ) G O^, the subspace I a V s is a F(gl iV )-submodule. 

Lemma 3.4 ([GRTV, Proposition 4.6]). The Y(q{ n )- module V s is generated by the vector 

V f n = V X ®...®Vx. □ 

For a = (di, . . . , a n ) G C N , introduce complex numbers b\, . . . , b n by the relation 



n 



(3.4) \\{n-b s ) = ^+£(-1) 

8=1 j = l 

The numbers are defined up to a permutation. 

Proposition 3.5. Assume that the numbers bi, . . . , b n are ordered such that b,i ^ bj + 1 for 



> j. Then the Y(gl N )-module V s /I a V s is isomorphic to V(b) = C N (b x ) < rXl 



the tensor product of evaluation Y(qI n ) -modules. 

Proof. Consider the map ip : V s — > V{b) that sends every element of V s to its value at 
the point z = (pi, . . . ,b n ). This map is a homomorphism of F(0[ A r)-modules and factors 
through the canonical projection : V s — > V /I a V s . Since $ is also a homomorphism of 
y(gl A r)-modules, this defines a homomorphism of y(gljv)-modules if) : V s / I a V s — > V{b). 

Under the assumption that bi ^ bj + 1 for % > j , the Y(g [^-module V{b) is generated 
by the vector vf n , see |NT2| Proposition 3.1]. Therefore, the map if) is surjective because 
if>(vf n ) = vf n , and since dim V // a V 5 = N n = dim V(b), the map if> is an isomorphism of 
F(gl Ar )-modules. □ 

Proposition 3.6. The Y(gi N )-module V(b) is irreducible if and only if bi ^ bj + 1 for all 
Proof. The statement follows, for instance, from |NT2| Theorem 3.4]. □ 



4. Bethe subalgebras 

4.1. Bethe subalgebras. For k = 1, . . . , N, i = {1 ^ i\ < ■ • • < < N}, j = {1 ^ ji < 
• 4 ■ < jk ^ N}, define 

Mi,j{u) = (" 1 ) <T t i„mM ■ ■ ■ + 

tr£S k 

For i = {1, . . . ,N}, the series Mj j(-u) is called the quantum determinant and denoted by 
qdetT(u). Its coefficients generate the center of the Yangian Y(qI n ). 
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For q = (q 1 , . . . , q N ) G (C*)^ and k = 1, . . . , N, we define 

oo 

(4.1) B q k {u) = Qii---Qi k Mi,i{u) = a k ( qi ,...,q N ) + J2 B k 



'k,s U 



i = {l^i 1 <---<i k ^N} s=l 

where a k is the k-th elementary symmetric function and B q s G Y(qI n ). In particular, 

B q N (u) = q 1 . ..q N M i:i (u), 

where i = {1, . . . , N}. The generating series B q (u), k = 1, . . . , N, are called the transfer- 
matrices. 

Lemma 4.1. We have B q s G F s Y(qI n ) for all k, s. □ 

Let B q C Y(gl N ) be the unital subalgebra generated by the elements B% s , k — 1, . . . , N, 
s > 0. The subalgebra B q is called a Bethe subalgebra of Y(gl N ). The subalgebra B q does 
not change if all (ft, ... , qN are multiplied by the same number. If q = (1, . . . , 1), then the 
corresponding Bethe subalgebra will be denoted by B q=1 . 



Theorem 4.2 QKSJ). The subalgebra B q is commutative and commutes with the subalgebra 
U(i)) C Y(gl N ). The subalgebra B q=1 commutes with the subalgebra U(gl N ) C Y(gl N ). □ 

As a subalgebra ofY(Ql N ), the Bethe algebra B q acts on any F(0[ Ar )-module M. Since B q 
commutes with U(i)), it preserves the weight subspaces M\. The subalgebra B q=1 preserves 
the singular weight subspaces M^ ng . 

If L C M is a £> 9 -invariant subspace, then the image of B q in End(L) will be called the 
Bethe algebra of L and denoted by B q (L). 

We will study the action of B q on the weight subspaces (V 5 )^ and the action of B q=1 on 
the singular weight subspaces (V s ) s ^ n9 . The image of B q s in End((V 5 ).\) will be denoted by 

B k,s ■ 

Lemma 4.3. The generating series B N (u) acts on the Y(q[ n ) -module V as multiplication 
by the scalar function 

/, m A u - Zi + 1 

(4.2) qi qN H = • 

i=i u Zi □ 

Corollary 4.4. The Bethe algebra B q (V) contains the algebra of scalar operators of multi- 
plication by elements of C[z\, . . . , z n ] s . □ 

4.2. Universal difference operator. Define the operator r acting on functions of u as 
(rf)(u) = f(u — 1). Following [TJ, for q = . . . , q N ) G (C x ) iV we introduce the universal 
difference operator V q (u, r) by the formula 

N 

(4.3) V q (u,r) = l + J2(-l) k B q k (u)r k . 

k=l 



For q — 1, we write 

k=0 s=0 



(4.4) V q =\u, t)t~ n = (r- 1 - l) N ~ k , C k (u) = ^ C K 
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where Ck yS £ B q=1 . The Bethe algebra B q=1 preserves (V s ) s ^ n9 and we may consider the 
images C x s of the elements Ck, s in B q=1 ((V s ) s ™ 9 ) . 

Theorem 4.5 ( |MTV21 Theorem 3.7]). The following statements hold. 

(i) C (u) = l. 

(ii) Ck, s = for all k = 1, . . . , N and s < k . 

(iii) Cj\, . . . , C x N are scalar operators, and for a variable x, we have 

N N-k-1 N 

EHf^ Y[(x-j) = H(x-\ s -N + s). 

k=0 j=0 s=l □ 

Remark. Given an N x N matrix A with possibly noncommuting entries a^j, we define its 
row determinant to be 

rdet A = ^ (-l) a a lt<j{l) a 2 ^(2) ■ ■ ■ a>N,a{N) ■ 

The universal difference operator can be presented as a row determinant of a suitable matrix, 
see for example [H IMTVH IMTV2] . 

5. Spaces of quasi-exponentials 

5.1. Spaces of quasi-exponentials. Let q = (qi, . . . ,q^) G (C X ) 7V be a sequence of dis- 
tinct numbers. Let A G Z^ , |A| = n. Let Qi be the affine n-dimensional space with 
coordinates p^j, i = 1, . . . , N, j = 1, . . . , Aj. 
Introduce fiiu) = q^Piiu), i = 1, . . . , N, where 

(5.1) Pi(u) = u Xi + p^- 1 + ■ ■ ■ + p iAi . 

We identify points X G with N- dimensional complex vector spaces generated by quasi- 
exponentials 

(5.2) ffaX) = qUu Xi +p i , 1 (X)u X *- 1 + ---+p i>Xi (X)), i = l,...,N. 

Denote by 0\ the algebra of regular functions on Q^. It is the polynomial algebra in the 
variables Pij. The algebra 0\ has the degree function such that deg Pij = j for all We 
consider the the increasing filtration F O^ C F\0\ C • • ■ C O^, where F s O^ consists of 
elements of degree ^ s. The graded character of 0\ is 



N 1 



5.2. Another realization of 0\. For arbitrary functions gi(u), . . . , Qn{u), we introduce 
the discrete Wronskian by the formula 

( gi {u) g x {u-l) ... 9l (u-N + l)\ 
92(u) g 2 (u-l) ... g 2 (u-N + l) 



MVi(gi(u),...,g N (u)) = det 



\9n(u) g N (u-l) ... g N (u-N + l)J 
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Let fi(u), i = 1, . . . , N, be the functions given by (15. ip . We have 

N n 

(5.3) Wr(A( M -l),...,M M -l)) = JJgJ- 1 J] {qj 1 - g r*) fu n + ^(-1)'^. u n ~ s ) 

i=l l^i<j^N s=l 

where Xd, . . . , E n are elements of 0\. Define the difference operator U°*(u, r) by 
(5.4) 

(h{u) h{u-l) ... fi{u-N)\ 
f2{u) / 2 («-l) ••■ / 2 («-A0 



^ (U ' T) = Wr( /l (.-l), 1 ..,Mn-l)) ^ 



V 1 r ... J 



It is a difference operator in the variable u, whose coefficients are formal power series in u 1 



with coefficients in O^, 



N 



(5.5) V°l{u,r) = l + ^(-l) fc Ff A Hr fc , F«>\u) = a k ( Ql , . . . , q N ) + £ F* 



A 

1 M 



fc=l 



and F fc ^ A e Ca , k = 1, . . . , N, s > . In particular, we have 

(5.6) ' Ff W .,,.,„!" +1 '" + ^HW(« + i; 



« n + Es=i(- 1 ) s ^^" s 

cf. (TC2|). 

Lemma 5.1. The functions F^' x e k — 1, . . . , N, s > , generate the algebra 0\. 
Proof. The coefficient of u Xi ~i~ l of the series qfD°*fi{u) has the form 

N N j+1 j-1 

k=l 1=1 r=0 s=0 

k+i 

where Ciji rs are some numbers, F^ ' A = ai(qi, . . . , qw) and p i)0 = 1. Since T>°*fi(u) = 0, we 

can express recursively the elements Pij via the elements F^ x starting with j = 1 and then 
increasing the second index j. □ 

5.3. Discrete Wronski map 7r^. Consider C n with coordinates o~i, . . . ,a n . Introduce the 
discrete Wronski map 7r| : fi| — > C n as follows. Let X be a point of fi*. Define 

(5.7) Wr x ( M ) = Wr^-l,*),...,/^-!,*)), 

where /i(zt, X), . . . , /jv(u, X) are given by (15. 2p . Let 



wr x («)=n^r 1 n far 1 -* 1 ) (« n +E(-i; 

i=l l^i<j^N s=l 

We set 7r| : X i-)- (a 1? . . . , a n ). 



s a s u n ~ 
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The discrete Wronski map is a finite algebraic map, see |MTV5[ Proposition 3.1]. It defines 
an injective algebra homomorphism 

(tt«)*: C[a a ...,<7 n ]->0«, a s ^E s , 
which gives a C[<7i . . . , cr n ]-module structure on 0\. 

For a G C n , let Jjp be the ideal in 0^ generated by the elements E s — a s , s = 1, . . . , n, 
where Si, . . . , E n are defined by ( 15. 3p . The quotient algebra 

9 _ /ni I jO 



(5-8) O* = OH I. 



A ,a 



is the scheme-theoretic fiber of the discrete Wronski map n q 



A ' 



5.4. First main result. Let A be a commutative algebra. The algebra A considered as 
a module over itself is called the regular representation of A. 

Theorem 5.2. Assume that q 6 (C x ) Ar has distinct coordinates. Denote v\ = '^2 IeIx v i- 
Then 

(i) The map /x^: F£' B h-> B%' s x , fc = 1, . . . , iV ; s > ; extends uniquely to an isomorphism 
n\ : 0\ ^((V^a) of filtered algebras. The isomorphism n\ becomes an isomor- 
phism of the C[o"i, . . . , o~ n }-module 0\ and the C[^i, . . . , z n ] s -module B q ((V s )\) if we 
identify the algebras C[a\, . . . , a n ] and C[zi, . . . , z n ] s by the map a s cr s {z), s — 1, 
. . . ,n. 

(ii) The map v\ : 0\ — > (V s ')a , / [i\{f)v\, is an isomorphism of filtered vector 
spaces identifying the B q ((V s ) \) -module (V s ) \ and the regular representation of 

The theorem is proved in Section 19.11 

Remark. Theorem 15. 21 was announced in [GRTV} Theorem 6.3]. To indicate the correspon- 
dence of notation, we point out that formula (6.1) in [GRTVJ is a counterpart of formula 
( 15. 3 p in this paper with functions gi(u) in |GRTV] being equal to qih Xl fi(—l + u/h) here. 
Also, formulae (6.3), (6.4) in |GRTV] correspond to formulae ( 15 .4p . f 15 . 5 j) in this paper, and 
the algebra 1-L q x in [GRTV] is a counterpart of the algebra O^ here. 

Assume that the complex numbers b±, . . . , b n are such that bi ^ bj + 1 for i > j. Consider 
the tensor product V(b) = C N (bi) ® . . . <g) C N (b n ) of evaluation F(gl Ar )-modules and its 
weight subspace V(b)\. Introduce the numbers a = (ai, . . . , a n ) by the formula a s = a s (bi, 

...,b n ), cf. (E2D. 

Corollary 5.3. Assume that q e (M x ) Ar has distinct coordinates. Let bi,...,b n be real and 
such that \bi — bj\ > 1 for all j. Then the algebra B q (V(b)x) has simple spectrum. 

Proof. Under the assumption made, the algebra B q (V(b)\) has no nilpotent elements, see 
|MTV5t Lemma 3.7 and Lemma 3.10]. Hence the algebra 0^ a , and thus the algebra 
B q (V '(b) a) , is the direct sum of one-dimensional algebras, so the spectrum of B q (V(b)x) is 
simple, see Proposition 13.51 □ 

Other sufficient conditions for simplicity of the spectrum of B q (V(b)\) see in |MTV5t 
Theorem 2.1, part (2)] and in |MTV7l Theorem 1.1]. 



SPACES OF QUASI-EXPONENTIALS AND REPRESENTATIONS OF THE YANGIAN Y(gl N ) 11 

Corollary 5.4. Assume that q £ (C x ) iV has distinct coordinates. Then the isomorphisms 
/i A and v% induce an isomorphism of the B q (V(b)\) -module V(b)\ and the regular repre- 
sentation of the algebra 0\ a . □ 

The corollary implies that B q (V{b) x ) C End(V(b) x ) is a maximal commutative subalge- 
bra and B q {V{b)\j is a Frobenius algebra, see for example [MTV44 Lemma 3.9]. 

6. Spaces of polynomials 

6.1. Spaces of polynomials. Let A £ Z^ , Ai ^ A2 ^ ■ • • ^ \n ^ 0, |A| = n. In other 
words, let A be a partition of n with at most N parts. Introduce the set P = {d\ > c?2 > 
. . . > c?jv} , where di = Xi + N — i. Let Q\ be the affine n-dimensional space with coordinates 
fi d , i = l,...,N, j = l,...,di, di-j^P. 

Introduce polynomials 

di 

(6.1) f i {u)=u di + J2 f'-i"'' i = l,---,N. 

i=i 

We identify points X £ Q\ with N- dimensional complex vector spaces generated by poly- 
nomials 

di 

(6.2) f i (u,X)=u di + J2 kA x V'-\ i = l,...,N. 

Denote by 0\ the algebra of regular functions on Q\. It is the polynomial algebra in 
the variables fij. The algebra 0\ has the degree function such that deg/jj = j for all i, j. 
We consider the the increasing filtration F O\ C F\0\ C • • • C 0\, where F s O\ consists of 
elements of degree ^ s. The graded character of 0\ is 



ch OA (t) 



w 



rii=i (t)\i+N-i 

see [MTV41 Lemma 3.1]. 

6.2. Another realization of 0\. Let fi(u), i = 1,...,N, be the generating functions 
given by ( 16. ip . We have 



(6.3) Wx(fi(u-l),...,f N (u-l)) = (A J -A J + z-j) (w n + ^(-l) s ^ s « n - s ) 

l^i<j^N s=l 

where Si, ... , S n are elements of (9a- Define the difference operator D° A by 
(6.4) 

/7i(«) A(w-l) ••• fi(u-N)\ 
f 2 (u) h(u-l) ... / 2 («-iV) 



^° A K r ) = w 7 f 7 7T^ 7TT rdet 

Wr(/i(u- l),...,f N (u- 1)) 



V 1 r ... r» ) 
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TV oo 

(6.5) V°*(u,t)t- n = ^2(-l) h G h (u)(T- 1 -l) N - k f G k {u) = ^TG^" 5 , 

k=0 s=0 

where Gk, s € 0\. 

Lemma 6.1. The following statements hold. 

(i) G (u) = l. 

(ii) Gk yS — for all k = 1, . . . , N and s < k . 

(iii) Gi,i, . . . , Gn,n are complex numbers, and for a variable x, we have For all x we have 

N N-k-1 N 

Y^i- 1 )* ^ n (*-.?) = no*-*--^**)- 

k=0 j=0 s=l □ 

Lemma 6.2. The functions Gk, s G 0\, k = 1, . . . , N , s — k + 1, k + 2, . . . , generate the 
algebra 0\. 

Proof. The coefficient of u di ~ N ~~i of the series T>° x fi(u) has the form x{di — j) fij + • • • , 
where x( x ) = Yl^=i — X s — N + s) and the dots denote the terms which contain the 
elements G^i and f i)S with s < j only. Since V° x fi{u) = and x(d>i — j) 7^ 0, we can 
express recursively the elements f\j via the elements Gj-j starting with j = 1 and then 
increasing the second index j. □ 

6.3. Discrete Wronski map n\. Consider C n with coordinates a±, . . . ,a n . Introduce the 
discrete Wronski map 7i\ : Q\ — > C n as follows. Let X be a point of Q\. Define 

(6.6) Wr x (u) = Wr(f 1 (u-l,X),...,f N (u-l,X)), 
where fi(u, X), . . . , f N (u, X) are given by (16. 2p . Let 

n 

Wr x (u) = J] (Xj-Xi + i-j) (W^(-l) s a s 

lsii<j^N s=l 

We set 7T\ : X m- (ai, . . . , a n ). 

The discrete Wronski map is a finite algebraic map, see |MTV5l Proposition 3.1]. It defines 
an injective algebra homomorphism 

(tt a )* : C[<Ji . . . , a n ] ->■ O x , a s ^T, s , 

which gives a C[o~i . . . , cr n ]-module structure on 0\. 

For oeC", let I® a be the ideal in 0\ generated by the elements E s — a s , s — 1, . . . , n, 
where Si, . . . , S n are defined by (16.31) . The quotient algebra 

(6-7) O x , a = O x /I° a 

is the scheme-theoretic fiber of the discrete Wronski map tt\. 
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6.4. Second main result. By formula f l2.3|) . the space ^(V )^ ns is one-dimensional if 
k = J2iLi ~ Fix a nonzero element i^™ 5 G (V s )^™ 9 in that subspace. 

Theorem 6.3. Let X be a partition on n with at most N parts. Then 

(i) The map fi\ : Gk, s C^ s , k — 1,...,N, s > 0, extends uniquely to an iso- 
morphism fix - Ox B q=1 ((V s ) x m9 ) of filtered algebras. The isomorphism fi\ be- 
comes an isomorphism of the C[o~\, . . . , cr n ]-module 0\ and the C[z±, . . . , z n ] s -module 
B q=1 ((y s ) s x mg ) if we identify the algebras C[cxi, . . . , a n ] and C[z ly . . . , z n ] s by the map 
os !->■ o- s (z), s = 1, . . . ,n. 

(ii) The map v\ : 0\ — >■ (y s ) x n9 , f H\(f)v x n9 , is an isomorphism of filtered vector 
spaces increasing the index of filtration by k m i n . The isomorphism v\ identifies the 
B q=1 ((y s )\ ng ) -module (V s ) x ng and the regular representation of the algebra 0\. 

The theorem is proved in Section 19.21 

Assume that the complex numbers bi, . . . , b n are such that 6, ^ bj + 1 for i > j. Consider 
the tensor product V(b) = C N (bi) g) . . . (g) C N (b n ) of evaluation y(gt Ar )-modules and its 
singular weight subspace V(b) x n9 . Introduce the numbers a = (ai, . . . ,a n ) by the formula 
a s = o- s (bi, . . .,b n ), cf. ([331). 

Corollary 6.4. The isomorphisms fi\ and v\ induce an isomorphism of the B q=1 (V (b) x n9 ) - 
module V(b) x n9 and the regular representation of the algebra 0\ a . In particular, 
B q=1 (V \b) x n9 ) C End(y(b) x n9 ) is a maximal commutative subalgebra and B q=1 (V (b) x mg ) 
is a Frobenius algebra, see for example [MTV4t Lemma 3.9]. □ 

Remark. Corollary 16.41 is used in |MTV6j to prove Theorem 7.3 therein, similarly to the 
proof of Theorems 4.1, 4.3 in [MTV6] . The algebra B^ NX (bx, ...,b n ) in |MTV6j coincides 
with the algebra B q=1 (V (b) x ng> ) in this paper. 

Corollary 6.5. Let bi,...,b n be real and such that \b{ — bj\ > 1 for all i ^ j. Then the 
algebra B q=1 (V (b) x n9 ) has simple spectrum. □ 

The proof is similar to that of Corollary 15.31 

Other sufficient conditions for simplicity of the spectrum of B q=1 (V (b) x ng ^ see in [MTV5| 
Theorem 2.1, part (2)] and in |MTV7l Theorem 1.1]. 

7. BETHE ANSATZ FOR q WITH DISTINCT COORDINATES 

To prove Theorems 15.21 and 16.31 we need some facts about the Bethe ansatz. We consider 
the tensor product of evaluation F(0[ Ar )-modules V(b) = C N (b\) <g) . . . <S> C N (b n ) and the 
action of the Bethe algebra B q on the weight subspace V(b)\. 

7.1. Bethe ansatz equations associated with V(b)\. Recall A = (Ai, . . . , Ajv), |A| = n. 
Introduce I = (1%, . . . , In-i) with lj = A J+ i + . . . + Ajv- We have n ^ h ^ • • • ^ In-i ^ 0. 
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Set l = n, l N = 0, and I — li + ■ — h Zjv-i- We shall consider functions of Z variables 

V 1 1 ■ ■ ■ 1 L h 1 l l > • • • ) % ' " " " ' 1 ' " " " ' /JV-1 / ' 

The following system of I algebraic equations with respect to / variables t is called the Bethe 
ansatz equations associated with V(b)\ and q : 

n h h 

(7.1) qi n - 6. + 1) n - ^ - !) im } - = 

8=1 j' = l j' = l 

n h h 

8=1 j'=l j'=l 

^=1 f=i j'=i 
= q a+ i fiitf - n (4 a) - ^ + !) ff(t ) - - !) • 

i'=i i'=i f=i 

Here the equations of the first group are labeled by j = 1, . . . , li, the equations of the second 
group are labeled by a — 2, . . . , N — 1, j = 1, . . . , l a , 

A solution t of system (17. ip is called off-diagonal if 7^ ft, for any a — 1, . . . , N — 1, 

Kj^j'^a, and tj a) ^ ^? +1) for any o = 1, . . . , JV - 2, j = l,...,Z a , / = 1, . . . , Z a+ i- 

Remark. If A = (n, . . . , 0), then l x — ■ ■ ■ — l^-i = 0. In this case, there are no variables 
t and it is convenient to think that the Bethe ansatz equations is the equation 1 = 1. 

7.2. Weight function and Bethe ansatz theorem. Denote by u\(t,b) the universal 
weight function associated with the weight subspace V(b)\. The universal weight function is 
define d by formula (6.2) in [MTVlj . see explicit formula (JZZD below > cf - [TVT1 IMTV21 iRTVl 
ITV3j . For the moment, it is enough for us to know that this function is a V(b) \- valued 
polynomial in t, b. 

If t is an off-diagonal solution of the Bethe ansatz equations, then the vector u\(t,b) e 
V(b)\ is called the Bethe vector associated with t. 

Theorem 7.1. Let t be an off-diagonal solution of the Bethe ansatz equations (17. ip . Assume 
that the Bethe vector u\(t,b) is nonzero. Then the Bethe vector is an eigenvector of all 
transfer-matrices B%(u), k = 1, . . . , N. □ 

The statement follows from Theorem 6.1 in [MTVlj . For k = 1, the result is established 
in [KR1] . 
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The eigenvalues of the Bethe vector are as follows. Set 

/ in TT U — S + 1 t— r U tj — 1 

Xl (u,t,b) = Ql || || _ , 

8=1 j = l « S' 

X«(u,i,b) = g a || _ (a _ 1} || — , 

3=1 U t 3 3=1 U t j 



for a = 2, . . . , N. Define the functions Ck(u, t, b) by the formula 

N 

(7.2) (1 - X i(u,t,b)r) ■ ■ ■ {1 - XN {u,t,b)r) = ^ (-l) fc c k (u, t, b) r k . 
inen 

(7.3) B q k {u) u x (t, b) = c k (u,t, b) co x (t, b) 
for k — 1, . . . , N, see Theorem 6.1 in jMTVlj . 

Remark. If A = (n, 0...,0), then V(b)\ is the one-dimensional space generated by the 
vector vi ® • • ■ <8> V\. It is convenient to assume that the universal weight function is given by 
the formula oo(b) = V\ ® . . . ®v\. This vector is an eigenvector of the Bethe algebra B q . The 
eigenvalues of this eigenvector are defined by formula (17. 2p . in which the difference operator 
takes the form 

(7.4) 1 - 



s=l s 7 i=2 



7.3. Difference operator associated with an off-diagonal solution. For t E C l , we 

introduce the associated fundamental difference operator 



TV 

k 



(7.5) Vi(u,T) = ^(-l) fc c fc ( M ,t,b)r 



k=0 



see |MTV2] . Here the functions Ck(u,t,b) are given by (17. 2p . 

Theorem 7.2. Assume that q has distinct coordinates. Let t be an off-diagonal solution 
of the Bethe ansatz equations. Then there exist polynomials Pk(u) , k = 1, . . . , N, such that 
degp fc (u) = \ k , Vi(u,T)q%Pk(u) = 0, and 

N n 

(7.6) wr( g r i P i(«-i),...,g)TW«-i)) = n^" 1 n far 1 "ft 1 ) II («"&<)■ 

1=1 l<i<i<JV S=l r- 1 

This is Proposition 7.6 in [M V3j . which is a generalization of Lemma 4.8 in |MVlj . 

Remark. If A = (n, . . . , 0) , then V(b)\ is spanned by v± <8> . . . <g> v i. The corresponding 
fundamental difference operator T>i(u, t)(u, t) is given by (I7.4p . The polynomials P2{u), . . . , 
Pn{u) of Theorem 17.21 are just constants and the polynomial pi(tt) is uniquely determined 
(up to proportionality) by the condition T>i(u, r)(u, r) q% pi(u) = 0. 
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7.4. Completeness of the Bethe ansatz. 

Theorem 7.3. Assume that q has distinct coordinates. Then for any A and generic b±, 
. . . , b n , there exists a collection of off-diagonal solutions of the Bethe ansatz equations such 
that the corresponding Bethe vectors form a basis of V(b)\. 

Theorem 17.31 is proved in Sections 17.61 and 17.71 

7.5. Weight functions Wj . For a function f(t\, ...,£&) of some variables, denote 

Sym tli ..., tk /(ti,...,t fc ) = /(^ 1 ,...,^J- 

aes k 

Recall A = (X 1 ,...,X N ) and I = (h,...,I N ). Set Ul+i^ = < ••• < 4°}- 

Introduce *(°) = (t^ 0) , . . . , ffi) = (b u . . . , b n ) . 

For I e X A , we define the weight functions W^t; b) , cf. [TVTl ITV3] : 

(7.7) W^t; b) = Sym ( i) m . . . Sym j N -i) jn-i) U T (t] b) , 



N-l 



N-l la / la-1 la-1 la + ( a ) J-(«) J_ 1 

to l 1 ^ TT r» >~ x h TT r i V + 



w = nn n cf-'r'+D n er'-c") n ,,„, 

0=1 i=i v j>=i f=i j'=j+i z j V 

The universal 1/(6) a- valued weight function is the function 

(7.8) u x (t,b) = Wi&tyv! e V(b) x . 

7.6. Proof of Theorem Q for n = 1. If n = 1, then A = (0, . . . , 0, l fc+1 , 0, . . . , 0) , where 
1 is at the + 1-st position. If k = 0, Theorem 17.31 holds due to remarks in Sections 17.11 
andO 

Assume k > 0. Then t = (t^ , tf \ . . . , t^) and u\(t,b) = Vk+i- The Bethe ansatz 
equations are 

(7.9) gi (f« - 6! + 1) (#> - *i 2) ) = g 2 (4 1} - &i)(tS 1} - 1? - 1) , 

g a (t[ a) - tt 1] + 1) (4 a) - 4 a+1) ) = g a+ i (4 a) - 4 a_1) ) (4 a) - 4 a+1) - 1) , 

ftftf-r'+ii^wfif-r 1 '). 

Here the equations of the second group are labeled by a = 2, . . . ,k — 1. The Bethe ansatz 
equations have the unique solution 

i 

(7.10) t^^h + y — ^ — , i = i,..., k. 

This solutions is off-diagonal. Theorem 17.31 for n — 1 is proved. 
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7.7. Proof of Theorem 17.31 for n > 1. Assume that bi,...,b n depend on a parameter 
y G C, so that b s (y) = sy . The next lemma implies Theorem 17.31 

Lemma 7.4. For I £ X\, there exists an off-diagonal solution t(y) of the Bethe ansatz 
equations ( 17. ip suc/i £/ia£ £/ie /me generated by the Bethe vector u(t(y),b(y)) tends to the 
line generated by the vector vj as y tends to infinity. 

Proof. To simplify the notations we consider an example. The general case is similar. Assume 
that n = 2 and Vj = v% <g) v 2 . Then t = (t^ ,t 2 , t[ ). We look for a solution of the Bethe 
ansatz equations in the form 

(7.11) t®=b 1 {y) + v®{y), 2 = 1,2, and = b 2 (y) + v^(y) . 

Then the Bethe ansatz equations take the form 

(1) , 1 (!) , 1 (1) ( 2 ) 

(7 - 12) ^r^ = 7 + 0(2/ } > (T) — (i) — ^r^ = 7 + 0(z/ )j 

(2) (1) , i 

As y — > oo , this system of three equations splits into an equation assigned to b\ and a system 
of two equations assigned to b 2 according to our choice (17.111) . Each of the limiting systems 
is the system (17. 9p of the Bethe ansatz equations for n = 1 considered in Section I7T61 System 
(17. 9p has a unique solution (I7.10p . By deforming that solution, we obtain a solution v(y) of 
system (17. II) whose limit as y — > oo equals 

9i gi gi 92 

1 1 ~T~ 



93 - 9i 92 - 9i 93 - 9i 93 - 92 

see Section I7T61 Clearly, v(y) corresponds to an off-diagonal solution t(y) of the Bethe ansatz 
equations as y — > oo. It is easy to see that the limit of the line generated by the Bethe vector 
u(t(y), b(y)) as y — > oo is the line generated by the vector v 3 g) v 2 , see formula (17. 7p . □ 

8. Bethe ansatz for q = 1 

We consider the action of the Bethe algebra B q=1 on the subspace V(b) s ^ n9 of singular 
vectors. We use the notation of Section [71 

For q = 1, the Bethe ansatz equations are given by ( 17.11) with q\ — . . . — — 1. Let 
oj\(t, b) be the universal weight function associated with the weight subspace V(b)\, see 

(EHD- 

Theorem 8.1. Let t be an off-diagonal solution of the Bethe ansatz equations for q = 1. 
Then u\(t,b) lies in V(b) s ^ ng . □ 

The statement is Lemma 5.3 in [TV2] or Proposition 6.2 in |MTVlj . For N = 2, the result 
is established in [FT] , and for N = 3 in [KR2] . 

Theorem 8.2 ( [MVll Lemma 4.8]). Let t be an off-diagonal solution of the Bethe ansatz 
equations for q = 1. Consider the the associated fundamental difference operator V^(u,t), 
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see (I7.5p . There exist polynomials fk(u) e C[u] , k = 1,...,N, of the form described in 
( 16. ip . such that deg f k {u) = + N — k , Vi(u,r)(u,T)fk(u) = , and 

n 

(8.1) Wr(/i(u-l),...,/*( U -l)) = II (^i-Ai + i-j) II(w-6i)- 

i^i<j^N s=i n 

Theorem 8.3. For generic bi,...,b n there exists a collection of off-diagonal solutions of 
the Bethe ansatz equations for q = 1 suc/i £/iat the corresponding Bethe vectors form a basis 

fv(b)r. 

Proof. Assume that bi, . . . , b n depend on a parameter y G C, so that 6 S = y(i s for given di, 
. . . , d n , and y tends to infinity. We look for a solution of equations ( 17. ip for q = 1 in the 
form = yt^. Then the equations are 

n \ ^ 2 ' 2 1 

< 8 - 2 > E ? ir^--E ? ir^ii) + E ? ir^) = + o (^)' 

s= i v j a s jl=1 v j v f jl=1 v j v f 

la—1 ^ l a 2 ^a + 1 ^ 

~w (^ry ~ ~w jay + ~w (^+Ty = + ) • 

In the limit y — > oo , equations ( 18 .2p tend to the Bethe ansatz equations of the Gaudin model 
associated with V(d) s £ n9 , considered in |MV2] . By |MV2[ Theorem 6.1], for generic d = (dj, 
. . . , d n ) there exists a collection of off-diagonal multiplicity-free solutions v of system (I8.2p 
at y = oo such that the corresponding Bethe vectors u^ audm (v , d) of the Gaudin model, 
see formula (4) in |MV2] . form a basis of V£ mg . By deforming these solutions, we get a 
collection of solutions v(y) of system (18.21) . and hence a collection of off-diagonal solutions 
t(y) — yv(y) °f system ( 17. ip for q = 1. It easily follows from formula ( 17. 7ft and formula (4) 
in |MV2] that the lines generated by the Bethe vectors U)\(t(y), b(y)) tend respectively to the 
lines generated by the Bethe vectors u^ audm (v , d). Hence the Bethe vectors uj\(t(y),b(y)) 
form a basis of V(b) s ^ n9 as y — > oo. This proves Theorem 18.31 □ 

9. Proofs of Theorems 15.21 and 16.31 

9.1. Proof of Theorem 15.21 Let a polynomial R(F k q,x ) in generators F k q ' x equal zero 
in 0\. Consider R(B q ' s ) polynomial in Z\ , . . . , z n with values in End {(V® n ) A ). By 
Theorems 17.21 and 17.31 this polynomial equals zero for generic values of Zi, . . . , z n . Hence, 
R(F k q,x ) equals zero identically and the map (i\ : O q —> B q ((V s )\) is well-defined. 

Let a polynomial R(F q ' x ) be a nonzero element of O q . By Theorems I7.2l and l7.3l it means 
that R(B k ' s ) is nonzero in B q ((V s ) x )- This shows that /i^ is injective. Since the elements 
B q,x generate the algebra B q ((V s )\) , the map /i^ is surjective. By comparing formulae 
( 14. 2 p and ( 15. 6p . we conclude that n\ is a homomorphism of the C[a%, . . . , <r n ]-module 0\ to 
the C[zi, . . . , z n ] 5 -module B q ((V s )\). Since deg F q ' x = deg B q s , the homomorphism fi^ 
is filtered. These remarks prove part (i) of Theorem 15.21 
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Consider the map u q : 0\ — > (V s )\, f i-» /J%(f) V\. The kernel of v\ is an ideal in 
0\ which has zero intersection with C[o"i, . . . ,a n ] and, therefore, is the zero ideal. Since 
ch q(t) = ch( V s) A (t), we conclude that v\ is a linear isomorphism. This gives part (ii) of 
Theorem 15.21 □ 

9.2. Proof of Theorem 16.31 The proof of Theorem 16.31 is similar to the proof of Theorem 

Namely, let a polynomial R(Gk s ) in generators Gk, s equal zero in 0\. Consider R(Ck jS ) 
as a polynomial in z%, . . . , z n with values in End((F® n )J n!? ). By Theorems El and EM this 
polynomial equals zero for generic values of Zi, . . . , z n . Hence, R(Ck, s ) equals zero identically 
and the map fi\ : (D\ — > B q=1 ((V s ) ^ ng ) is well-defined. 

Let a polynomial R(Gk, s ) be a nonzero element of 0\. By Theorems 18.21 and 18. 3^ it 
means that R(Ck tS ) is nonzero in B q=1 ((V 5 ) A ms ) . This shows that fi\ is injective. Since the 
elements C^ s generate the algebra B q=1 ((V 5 ) A mff ) , the map n\ is surjective. By comparing 
formulae (14.21) and (|5.6|) . we conclude that fi\ is a homomorphism of the C[<7i, . . . , o~ n ]- 
module 0\ to the C[zx, z n ] -module B q=1 ((V 5 )^™ 9 ) . Since deg G^ s = deg C\ s , the 
homomorphism fix is filtered. These remarks prove part (i) of Theorem 16. 3[ 

Consider the map v\ : 0\ — > (V s ) x m9 , f h-> f-t\(f)v\. The kernel of ^ is an ideal in 
which has zero intersection with C[ci, . . . , <r„] and, therefore, is the zero ideal. Since 
^ s ^m 9 (t), we conclude that v\ is a linear isomorphism. This gives 
part (ii) of Theorem 16.31 □ 

10. Space ±V a 

10.1. Definitions. Recall V = V <g> C[zi, . . . , z n ] and the S" n -action on ^-valued functions of 
Zi, . . . ,z n defined by formula ( 12. ip . We denote by V A the subspace of the S^-skew-invariants 
in V. The space V A is a filtered space. 
Let 

D = \{ (zj -z t + l). 

We denote by -^V the space of V- valued functions of z\, . . . , z n of the form j^f, f G V, and 
by jjV A the space of V- valued functions of z\, . . . , z n of the form j^f, f G V A . 

Lemma 10.1 ([GR TV] Lemma 2.9]). ^4 V -valued function f of zi, . . . , z n is skew-invariant 
with respect to the S n -action if and only if the function ~f is invariant with respect to the 
S n -action. □ 

By this lemma, we can define the space j=;V A as the space of V-valued S^-invariant func- 
tions of Z\i ■ ■ ■ i z n of the form -L/, / G V. 

Lemma 10.2. The space j^V A is a free C[z\, . . . , z n ] s -module of rank N n . 

Proof. The lemma follows from Lemma 2.10 in |GRTVj . □ 

We define the degree of elements jjf G j^V A by the formula deg(^/) = deg(/)— n(n— 1)/2. 
We consider the increasing filtration • • • C -Ffc-i-^V" 4 C F^j)V A C • • • C j)V A whose fc-th 
subspace consists of elements of degree ^ k. 
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The space j)V A is a filtered qI n - module. We consider the gl^-weight decomposition 

[A|=n 



as well as the subspaces of singular vectors (-^V A ) A ms C (^V A ) A . All of these are filtered free 
C[z%, . . . , z n ] 5 - modules. 



Lemma 10.3. For X E Z^ , |A| = n, we have 



N 



(10.1) C h ( , v4) jt) = t-E 1 ^^^__. 
For a partition A of n with at most N parts, we have 
(10-2) chi mg (t) = t-^<^^ " 



N 

i=l {.IJXi+N-i 



Proof. The graded components F k (^V A ) x /F k ^V A ) x and F k (±V A ) s ™ 9 / ' F k -i^V^ T are 
respectively naturally isomorphic to the graded components considered in [RSTV] and de- 
noted there by ((-^V~) A )fc and ((j)V~) x mg )k- Now formula fllO.ip follows from Theorem 
jRSTVl Theorem 3.4] and |MTV31 Lemma 2.12]. Formula ( ELZD follows from jRSTV} For- 
mula 3.4]. □ 

10.2. Space -^V A as a Yangian module. By Lemmas 13.21 and I3.3[ jjV A is a filtered 
F(gl A r)-module. 

For b = {pi, . . . , b n ) G C n , we define a = (ax, . . . , a„) by the formula a s = a s {bi, . . . ,b n ), 
cf. flU. 

Proposition 10.4. Assume that the numbers b\, . . . ,b n are such that b{ ^ bj + 1 for all 

i ^ j. Then the Y(gl N ) -module ±V A /I a ±V A is isomorphic to V(b) = C N (h)® . . .®C N (b n ) , 
the tensor product of evaluation Y(q[ n ) -modules. 

Proof. Consider the map (p : i y A V{b) that sends every element of j^V A to its value 
at the point z = b. This map is a homomorphism of y(gljv)-modules and factors through 
the canonical projection $ A : j^V A —> ^V A /I a ^V A . Since $ A is also a homomorphism of 
F(gl Ar )-modules, this defines a homomorphism of F(gl Af )-modules ip A : jjV A /I a jjV A — > V(b). 

Under the assumption that 6j ^ bj + 1 for i ^ j , the F(gl Ar )-module V(b) is irreducible, 
see Proposition Since ip{vf n ) = vf n and dim ±V A /I a ±V A = N n = dim V(b), the map 
ip is an isomorphism of F(g[ 7V )-modules. □ 

The Bethe algebra B q preserves the subspaces (^V A ) A C ±V A . The image of an element 
B q s e B q in End((^V A ) A ) will be denoted by B q ^. 

The Bethe algebra B q=1 preserves the subspaces (jjV A )\ n3 C j=jV A - Recall the ele- 
ments Ck, s ^ B q=1 introduced by formula (I4.4p . The image of an element Ck yS G B q in 
End((^V^) A m9 ) will be denoted by C$ . 
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Theorem 10.5 ( |MTV2t Theorem 3.7]). The elements C*x, ■ ■ ■ ,Cn,n are sca ^ ar operators, 
and for a variable x, we have 

N N-k-1 N 

£(-i)*<^ n ( x -fi = u( x ~ x °- N + s y 

k=0 j=0 s=l n 

10.3. Third main result. By formula (110.11) . the space F^(^V )\ is one-dimensional if 
k = — J2i^i<j^N -^Ar We fix a nonzero element v A of that space. If A is such that Ai ^ 
• • ■ ^ Ajv, then the element v A lies in the one-dimensional space Fk{-^V A ) s x m9 ', see (I10.2p . 

The properties of the element v A were discussed in |RTVZ] . In particular, see there a 
geometric description of v A in terms of orbital varieties. The element v A was denoted in 
jGRTV] by v^, see |GRTV| Formula 2.27]. 

Theorem 10.6. Assume that q e (C X ) 7V has distinct coordinates. Then 

(i) The map jl\ : F q, s x h-> B q ' s , k = 1, . . . , N , s > 0, extends uniquely to an isomorphism 
fi q x : 0\ — y B q ((j=jV A ) \) of filtered algebras. The isomorphism jx\ becomes an isomor- 
phism of the C[<7i, . . . , a n ]-module 0\ and the C[zi, z n ] s -module B q ((jjV A )\) 
if we identify the algebras C[o~i, . . . , a n ] and C[zi, . . . , z n ] s by the map a s !->■ cr s {z), 

S = 1, ... ,71. 

(ii) The map v\ : 0\ — > {jjV )\, f i-> jl\{f)v A , is an isomorphism of filtered vector 
spaces identifying the B q [{j)V A )\) -module (jjV A )\ and the regular representation 
ofOl 

Proof. The proof of Theorem 110.61 word by word coincides with that of Theorem 15. 2[ □ 

Remark. Theorem 110.61 was announced in |GRTVl Theorem 6.4], cf. the remark after The- 
orem l5\2l As explained in [GRTV] . Theorem 6.4 in |GRTV] implies Theorem 6.5 in [GRTVJ. 

Corollary 10.7. The B q -modules (V s )\ and (jjV A )\ are isomorphic. 

Proof. The corollary follows from Theorems 15.21 and 110.61 □ 

10.4. Fourth main result. 

Theorem 10.8. Let X be a partition on n with at most N parts. Then 

(i) The map fi\ : Gk, s i-> C* s , k = 1, . . . , N, s > 0, extends uniquely to an iso- 
morphism fix: 0\-^- B q=1 ((jjV A )\ ng ) of filtered algebras. The isomorphism jl\ be- 
comes an isomorphism of the C[o"i, . . . , o~ n ]-module 0\ and the <£\zi, . . . , z n ] s -module 
B 9=1 ((j)V A )\ n9 ) tf we identify the algebras C[o~i, . . . , a n ] and C[zi, . . . , z n ] s by the 
map a s o~ s (z), s — 1, . . . , n. 

(ii) The map v\ : 0\ — > (jjV A ) s ^ n9 , f h-> fi\(f)v A , is an isomorphism of filtered vector 
spaces decreasing the index of filtration by X/i<*<j<jv The isomorphism v\ 
identifies the B q=1 ((jjV A ) s ^ n9 ) -module (j)V A ) s ^ n9 and the regular representation of 
the algebra 0\. 

Proof. The proof of Theorem 110.81 word by word coincides with that of Theorem 16.31 □ 
Corollary 10.9. The B q=1 -modules (V s )^ n9 and (j^V A y™ 9 are isomorphic. 
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Proof. The corollary follows from Theorems 16.31 and 110.81 □ 

References 

[FT] L. D. Faddeev, L. A. Takhtajan, The spectrum and scattering of excitations in the one- 
dimensional isotropic Heisenberg model, Zap. nauch. semin. LOMI 109 (1981), 134- 
178, (in Russian); English translation: J. Sov. Math. 24 (1984), 241-267 

[GRTV] V. Gorbounov, R. Rimanyi, V. Tarasov, A. Varchenko, Cohomology of the cotan- 
gent bundle of a flag variety as a Yangian Bethe algebra, Preprint (2012), 1-44, 
larXiv: 1204.51381 

[KR1] P. Kulish, N. Reshetikhin, Diagonalization of GL(n) invariant transfer-matrices and 
quantum N-wave system (Lee model), J. Phys. A: Math. Gen. 15 (1983), L591-L596 

[KR2] P. Kulish, N. Reshetikhin, On GL^-invariant solutions of the Yang-Baxter equations 
and associated quantum systems J. Sov. Math. 34 (1986), 1948-1971 

[KS] P. P. Kulish, E. K. Sklyanin, Quantum spectral transform method. Recent developments , 
Lect. Notes in Phys., 151 (1982), 61-119 

[MTV1] E. Mukhin, V. Tarasov, A. Varchenko, Bethe eigenvectors of higher transfer matri- 
ces, J. Stat. Mech. (2006), no. 8, P08002, 1-44 

[MTV2] E. Mukhin, V. Tarasov, A. Varchenko, Generating operator of XXX or Gaudin trans- 
fer matrices has quasi- exponential kernel, SIGMA 3 (2007), 060, 1-31 

[MTV3] E. Mukhin, V. Tarasov, A. Varchenko, Spaces of quasi- exponentials and representa- 
tions of Ql N , J. Phys. A 41 (2008) 194017, 1-28 

[MTV4] E. Mukhin, V. Tarasov, A. Varchenko, Schubert calculus and representations of the 
general linear group, J. Amer. Math. Soc. 22 (2009), no. 4, 909-940 

[MTV5] E. Mukhin, V. Tarasov, A. Varchenko, On reality property of Wronski maps, Con- 
fluentes Math. 1 (2009), no. 2, 225-247 

[MTV6] E. Mukhin, V. Tarasov, A. Varchenko, Bethe subalgebras of the group algebra of the 
symmetric group, Preprint (2010), 1-30, arXiv: 1004.4248 

[MTV7] E. Mukhin, V. Tarasov, A. Varchenko, On reality property of discrete Wronski map 
with imaginary step, Lett. Math. Phys. 100 (2012), no. 2, 151-160 

[MV1] E. Mukhin, A. Varchenko, Solutions to the XXX type Bethe ansatz equations and flag 
varieties, Cent. Eur. J. Math. 1 (2003), no. 2, 238-271 

[MV2] E. Mukhin, A. Varchenko, Norm of a Bethe vector and the Hessian of the master 
function, Compos. Math. 141 (2005), no. 4, 1012-1028 

[MV3] E. Mukhin, A. Varchenko, Quasi-polynomials and the Bethe ansatz. Groups, homotopy 
and configuration spaces, 385-420, Geom. Topol. Monogr., 13, Geom. Topol. Publ., 
Coventry, 2008 

[NT1] M. Nazarov, V. Tarasov, Representations of Yangians with Gelfand-Zetlin bases, 
J. Reine Angew. Math. 496 (1998) 181-212 

[NT2] M. Nazarov, V. Tarasov, On irreducibility of tensor products of Yangian modules, In- 
tern. Math. Res. Notices (1998), no, 3, 125-150 

[RV] R. Rimanyi, A. Varchenko, Conformal blocks in the tensor product of vector represen- 
tations and localization formulas , Preprint (2009), 1-21 . larXiv : 09 1T7 3253 

[RSTV] R. Rimanyi, V. Schechtman, V. Tarasov, A. Varchenko, Cohomology of a flag variety 
as a Bethe algebra, Func. Anal. Appl. 45 (2011), no. 4 



SPACES OF QUASI-EXPONENTIALS AND REPRESENTATIONS OF THE YANGIAN Y(gl N ) 23 

[RSV] R. Rimanyi, V. Schechtman, A. Varchenko, Conformal blocks and equivariant coho- 
mology, Preprint (2010), 1-23. larXiv: 1007.31551 

[RTV] R. Rimanyi, V. Tarasov, A. Varchenko, Partial flag varieties, stable envelopes and 
weight functions, Preprint (2011), 1-22. larXiv : 1212 . 62401 

[RTVZ] R. Rimanyi, V. Tarasov, A. Varchenko, P. Zinn- Justin, Extended Joseph polynomials, 
quantized conformal blocks, and a q-Selberg type integral, J. Geom. Phys. 62 (2012), 
2188-2207 

[T] D. Talalaev, Quantization of the Gaudin system, hep-th/0404153 

[TV1] V. Tarasov and A. Varchenko, Jackson integral representations for solutions to the 
quantized Knizhnik-Zamolodchikov equation, Algebra i Analiz 6 (1994) no. 2, 90-137, 
(in Russian); English translation: St. Petersburg Math. J. 6 (1995), no. 2, 275-313 

[TV2] V. Tarasov and A. Varchenko, Asymptotic solutions to the quantized Knizhnik-Zamo- 
lodchikov equation and Bethe vectors, Amer. Math. Soc. Transl., Ser. 2, 174 (1996), 
235-273; |hep-th/9406060| 

[TV3] V. Tarasov and A. Varchenko, Combinatorial formulae for nested Bethe vectors, 
Preprint (2007), 1-31, arXiv: math/0702277| 

[TV4] V. Tarasov and A. Varchenko, Hypergeometric solutions of the quantum differential 
equation of the cotangent bundle of a partial flag variety Preprint (2013), 1-19, 
larXiv: 1301. 27051 



